Abstract. In vector lattices of continuous functions on a locally compact Hausdorff space a natural and important role play the finite functions, i.e. continuous functions with a compact support. Finite and totally finite elements are the abstract notion of such functions in arbitrary Archimedean vector lattices. This survey describes the main properties of finite and totally finite elements in arbitrary and normed vector lattices and in their sublattices. For most of the classical vector lattices the collection of all finite elements is indicated. Finite and totally finite elements and their relations to finite functions are studied in vector lattices of continuous functions. In special vector lattices of regular operators the first results on their finite elements will be presented. Then there is investigated the interesting question on the behaviour of finite elements, when the vector lattice is represented (isomorphically) as a vector lattice of continuous functions on a locally compact space, where one expects that finite elements are mapped into finite functions. Special situations are discussed where this is the case. By making use of the space of maximal ideals, in particular, a topological characterization of finite and totally finite elements by means of compact subsets is given.
Introduction
Let S be a locally compact (noncompact) Hausdorff space and X(S) a vector lattice of continuous functions on S, i.e. X(S) ⊂ C(S). Functions with a compact support are of special interest and one might ask for some vector lattice characterization of such a function ϕ. This is easy to do for a positive function: the family of the infima of all multiples of ϕ with any positive function x ∈ X(S) should be majorized by one and the same function, of course with a constant depending on x (see figure 1 ). In general, the moduli of the functions have to be used. In the sequel the abstract version of this description leads to the Definition 1 of a finite element, already in an arbitrary Archimedean vector lattice. If the majorizing element itself is a finite element then ϕ is called totally finite, see Definition 2.
The notion of a finite and a totally finite element in (abstract) Archimedean vector lattices E was introduced by B. M. Makarov and the author in 1973 (see [8] ) and in 1975 (see [9] ). Finite and totally finite elements in vector lattices are thoroughly studied in a series of papers, see [8] , [9] , [10] , [11] , [3] , [4] , [5] , [16] .
In connection with finite and totally finite elements several questions are quite natural and this survey will answer some of them, of course, under appropriate additional conditions and in PROCEEDINGS Positivity IV -Theory and Applications Dresden (Germany), 155-172 (2006) most cases in a condensed manner. To remove or weaken the latter seems to be desirable. Although as the rule, for the proofs we refer to the references it will be clear that special techniques have to be applied in order to establish the formula (3) contained in the main Definition 1, when the finiteness of some class of elements has to be proved. Moreover, some analysis of the formula (3) will help to derive more information about the structure of the finite elements in many special cases. Only some typical proofs (Theorems 4, 5, 10 and 14) are provided in order to demonstrate these two ideas.
First of all, the relations of finite and totally finite elements in vector subspaces of a given vector lattice are of interest ( §2). As the rule, an additional structure of the vector lattice will give some, and sometimes even exhaustive, information on the finite elements. Another cycle of problems is the study of both finite functions and finite elements in vector lattices of continuous functions on a locally compact Hausdorff space ( §2.2), where one expects very close relations between. Although, in general, both notions are different a very mild condition ensures at least that any finite function is a finite element. However it is hard for a finite element to be a finite function.
If E is a Banach (or vector) lattice and H is a vector sublattice of E then it is a natural question to establish the relations between Φ 1 (E) and Φ 1 (H), i.e. we ask, whether (or under which conditions) do the following relations hold ?
In §3 we present some first results on finite elements in vector lattices of regular operators. It turns out that the finiteness of a finite rank operator is closely related to the finiteness of all elements constituting such an operator. These investigations have to be understood as a starting point of a systematic study of finite elements in particular vector lattices of operators.
§4 is devoted to the representation theory of vector lattices containing finite elements as vector lattices of continuous functions. It is very natural, at least under some conditions, to expect that finite elements are isomorphically represented as finite functions. An Archimedean vector lattice possessing a sufficient number of finite elements allows (under some additional conditions) a representation as a vector lattice of (everywhere finite-valued) continuous functions on a locally compact σ-compact Hausdorff space such that all finite elements are represented as finite functions.
Finally, for an Archimedean vector lattice we study the space of maximal ideals equipped with the hull-kernel topology. Since representations of vector lattices are actually constructed on topological spaces that are homeomorphic to subsets of the space of maximal ideals of the vector lattice ( §5), one might expect to obtain some further information on finite elements by more detailed investigation of that topological space. This gives the possibility for an abstract characterization of finite and totally finite elements by means of the compactness of a special subsets in this space which can be assigned to each element.
Recall some definitions, notations and elementary facts in an Archimedean vector lattice (E, E + ) which will be used further on, where in the most cases we refer to [1] and [12] .
• A set B ⊂ E is called a band if it is an order closed ideal, that is the limit (in E) of any order convergent net of the ideal B belongs to B.
• Two elements x, y ∈ E are called disjoint written as x ⊥ y, if |x| ∧ |y| = 0.
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• For any nonempty subset A ⊂ E denote by A d the set {x ∈ E : x ⊥ y for any y ∈ A}. The set A dd is known as the band generated by A, the smallest band that contains A. If A consists of one single element x, the band generated by {x} is called a principle band.
• A band B in E is a projection band if E = B ⊕ B d . In this case any element x ∈ E has a unique representation x = x 1 + x 2 , where x 1 ∈ B and x 2 ∈ B d . The map P B : E → E defined by P B (x) = x 1 for any x ∈ E = B ⊕ B d is a positive projection. In a Dedekind complete vector lattice any band is a projection band.
• If {u} dd is a projection band then P {u} is denoted by P u . In this case for each element x ≥ 0 there exists the element sup{x ∧ n|u|} and, P u (x) (for x ≥ 0) is calculated by the formula
• A vector lattice E is said to have the principal projection property (PPP), if {x} dd is a projection band for each x ∈ E. Any σ-Dedekind complete vector lattice has the (PPP).
• An element u ∈ E + is a order unit, if for each x ∈ E there is a λ ∈ R with −λu ≤ x ≤ λu (or equivalently, |x| ≤ λu).
• An element e ∈ E + is a weak order unit, if x ∈ E and x ⊥ e imply x = 0, i.e. {e} dd = E.
• An element 0 < a ∈ E is called an atom of E, if whenever 0 ≤ b ≤ a one has b = λa. A Banach lattice is said to be atomic if for each x > 0 there is an atom a such that 0 < a ≤ x.
• A vector lattice E not possessing any order unit is called of type (Σ) if E contains a sequence of elements (e n ) ∞ n=1 with the following property
for any x ∈ E there exist n ∈ N and C > 0 such that |x| ≤ Ce n .
2 Finite and totally finite elements in arbitrary Archimedean vector lattices
Definition of finite and totally finite elements
Let E be an Archimedean vector lattice.
Definition 1.
An element ϕ ∈ E is called finite, if there is an element z ∈ E satisfying the following condition: for any element x ∈ E there exists a number C x > 0 such that the inequality
holds for all n ∈ N.
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The element z is called an E-majorant or briefly a majorant of the finite element ϕ, see figure 1 . The set of all finite elements of a vector lattice E is denoted by Φ 1 (E). Obviously, Φ 1 (E) is an ideal, i.e. a solid (sometimes also called normal) linear subspace of E. The trivial cases for Φ 1 (E) to be even a projection band in E are Φ 1 (E) = E and Φ 1 (E) = {0}. The general case is considered in [4] , Thm.2.8:
is a projection band of the vector lattice E if and only if E = E 1 ⊕ E 0 , where Φ 1 (E 1 ) = E 1 and Φ 1 (E 0 ) = {0}. In this case E 1 = Φ 1 (E). The special class of finite elements characterized by possessing at least one E-majorant, which itself is a finite element, in general, turns out to be different from Φ 1 (E).
Definition 2.
A finite element ϕ ∈ E is called totally finite if it has an E-majorant z belonging to Φ 1 (E).
The set of all totally finite elements of a vector lattice E is also an ideal which will be denoted by Φ 2 (E). Obviously, there hold the inclusions {0} ⊂ Φ 2 (E) ⊂ Φ 1 (E) ⊂ E, which might be proper (see [16] In [9] it was shown that any element ϕ ∈ Φ 2 (E) possesses an E-majorant which itself is a totally finite element, see also § 5. It is clear that
Each atom in a vector lattice is a totally finite element with itself as a majorant ( [3] , Prop.2.2).
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It is easy to show that Φ 1 (E) = Φ 2 (E) = E for the vector lattice E = c 00 of all real sequences with finite support and for the vector lattice E = K(S) of all finite (i.e. with a compact support) continuous functions on a locally compact topological Hausdorff space S, see also the vector lattice in Corollary 6. Below ( §2.4) we will detect vector lattices E with Φ 1 (E) = {0}.
From the definitions one has
Theorem 2. If a vector lattice E has an order unit, then
As a consequence, for the following classical vector lattices one immediately obtains that any element is finite:
Example for a finite element not being totally finite.
, . . .}. The required vector lattice will be constructed by the help of the following functions
The vector lattice E consists of all functions
except a finite number of points 1 n -for any n there exists the finite limit lim
Then E is vector lattice (even a uniformly complete and of type (Σ)) with the property Φ 1 (E) = Φ 2 (E), since one has (see [10] )
(ii) E ∋ ψ is totally finite (i. e. ψ ∈ Φ 2 (E)) if and only if ∃δ > 0 such that ψ(t) = 0 for all t ∈ T ∩ (−δ, δ).
Finite elements and finite functions in vector lattices of continuous functions
Let E(S) be vector lattice of continuous functions on some locally compact Hausdorff space S, i.e. E(S) ⊂ C(S).
The finite functions in E(S) are K(S) ∩ E(S).
As usual the finite elements in E(S) are denoted by
An example for case a) is the vector lattice E of all continuous functions on [0, ∞) vanishing at 0. The finite function
Finite Elements in Vector Latticesbelongs to E but fails to be a finite element. Indeed, if z would be an E-majorant of ϕ then |x| ∧ nϕ ≤ c x z for some c x > 0 and any n ∈ N. The function x 0 (t) = z(t) belongs also to E and with some c 0 > 0 one has The following conditions on a vector lattices E(S) ⊂ C(S) turn out to be very important not only for a detailed investigation of them but also for the representation theory of general vector lattices containing finite elements: Condition (⋆): For ∀s ∈ S there ∃ x ∈ E(S) such that x(s) = 0. Condition (Φ): Any finite element of E(S) is a finite function. Condition (α): For any ordered pair of points s 0 , s 1 ∈ S (s 0 = s 1 ) there ∃ a finite function
x ∈ E(S) with x(s k ) = k, k = 0, 1. The condition (⋆) avoids the case a), i.e. there holds: If a vector lattice E(S) of continuous functions on a locally compact Hausdorff space S satisfies the condition (⋆), then any finite function of E(S) is a finite element of the vector lattice E(S). Obviously, the condition (Φ) avoids the case b).
In [8] there are proved the following properties for a vector lattice E(S) which satisfies the condition (α):
∈ F then ∃ a finite function x ∈ E(S) such that x(s 1 ) = 1 and x(s) = 0 on F 3) Let E(S) be uniformly complete. Then together with any finite function x 0 ∈ E(S) the vector lattice E(S) contains all finite functions x ∈ C(S) such that
Let S be locally compact, σ-compact. Let the vector lattice E(S) be uniformly complete, of type (Σ) and additionally satisfy the conditions (Φ) and (α)
=⇒
For any discrete linear functional f there ∃ a finite element
(Then f = c δ s also holds for some s ∈ S and c ∈ R + )
Finite elements in arbitrary vector lattices
We continue the study of finite and totally finite elements in vector lattices. For a given vector sublattice X of a vector lattice E an element z ∈ E + is called a generalized order unit for X if 160 M. R. Weber for each x ∈ X there is a real number C x > 0 with |x| ≤ C x z. Note that E belongs then to the ideal generated in E by z and that z is not required to belong to X + = X ∩ E + .
Theorem 3. Let E be a vector lattice. If ϕ ∈ E is a finite element then {ϕ} dd has a generalized order unit and {ϕ}
The converse statement of Theorem 2 is also true if E contains a weak order unit.
Corollary 1.
Let E be a vector lattice with a weak order unit. Then Φ 1 (E) = Φ 2 (E) = E if and only if E has an order unit.
A weak order unit of a vector lattice E fails to be an order unit in general, even if Φ 1 (E) = Φ 2 (E) = E and E has an order unit. For example, u = (1, 1 2 , . . . , 1 n , . . .) is a weak order unit but not an order unit in the vector lattice E = c.
In a vector lattices with (PPP) the finite elements can be characterized as follows.
Theorem 4. Let E be a vector lattice with (PPP). Then for an element ϕ ∈ E the following statements are equivalent:
1) ϕ is a finite element of E.
2) {ϕ} dd has a generalized order unit z ∈ E + .
3) {ϕ} dd has an order unit z 0 ∈ {ϕ} dd .
Proof. 2) ⇒ 3). If z ∈ E + is a generalized order unit of {ϕ} dd then for each x ∈ {ϕ} dd , there is a real positive number C x such that |x| ≤ C x z. Let P ϕ be the band projection from E onto {ϕ} dd . Then |x| = P ϕ |x| ≤ P ϕ (C x z) = C x P ϕ z = C x z 0 , where z 0 = P ϕ z ∈ {ϕ} dd . This implies that z 0 is an order unit of {ϕ} dd . 3) ⇒ 1). Since P ϕ |x| ∈ {ϕ} dd for arbitrary x ∈ E there is a positive number C x such that P ϕ |x| ≤ C x z 0 . Then by using the formula (2) one has
This implies that ϕ is a finite element of E. 1) ⇒ 2) is precisely Theorem 3.
As a corollary one obtains
Corollary 2. Let E be a vector lattice E with (PPP). Then Φ 1 (E) = Φ 2 (E) and Φ 1 (E) has the (PPP).
Theorem 4 shows that the finiteness of an element in an Archimedean vector lattice can be detected by the properties of the principle band it generates. Namely, let ϕ ∈ E be such that {ϕ} dd is a projection band. Then the element ϕ is finite if and only if {ϕ} dd has an order unit. In particular, if E is a σ-Dedekind complete vector lattice then Φ 1 (E) = E if and only if each principal band possesses an order unit. So, if for an σ-Dedekind complete vector lattice E one has Φ 1 (E) = E then there exists at least one principal band without order unit.
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Finite elements in Banach lattices
Without (PPP), the structure of a Banach lattice helps to describe the finite elements.
Theorem 5. Let E be a Banach lattice and ϕ ∈ E. Then the following statements are equivalent: 1) ϕ is a finite element.
2) The closed unit ball B({ϕ} dd ) of {ϕ} dd is order bounded in E.
3) {ϕ} dd has a generalized order unit.
Proof. We show only the equivalence of 1) and 3). For details see [3] and [4] . So, it is to show that the element ϕ is finite, if {ϕ} dd has a generalized order unit. In fact, let z ∈ E + be a generalized order unit of {ϕ} dd . Define a norm on {ϕ} dd by
Then by Theorem 12.20, [1] , the space {ϕ} dd , · z is an AM-space, where |x| ≤ x z z holds. Since the band {ϕ} dd is closed in
dd , implies x z ≤ C, i.e. |x| ≤ Cz, for each x ∈ {ϕ} dd with x ≤ 1. If x ∈ E is now an arbitrary element then 0 ≤ |x| ∧ n|ϕ| ≤ |x| (and hence |x| ∧ n|ϕ| ≤ x ) implies |x| ∧ n|ϕ| ≤ x Cz for all n ∈ N, which means that ϕ is finite.
The principal band generated by a finite element may fail to possess an order unit as the following example shows. Let E = C[0, 1] and H = {x ∈ E : x(t) = 0, ∀t ∈ [0, ]}. Then Φ 1 (E) = E, the ideal H is a principal band, moreover, H = {ϕ} dd for any ϕ ∈ H satisfying ϕ(t) = 0 for t ∈ ( , 1] and H does not possess any order unit. However, each function z ∈ E with z(t) > 0 for t ∈ ( 1 2 − δ, 1] is a generalized order unit, where δ is some positive sufficiently small number. For details see [3] .
For a Banach lattice E denote by Γ E the set of all atoms of E with norm 1. As was mentioned after Definition 2 the inclusion Γ E ⊂ Φ 1 (E) holds.
Theorem 6. Let the norm of the Banach lattice E be order continuous. Then
1) Φ 1 (E) = Φ 2 (E) = span(Γ E ) 1 ,
2) Φ 1 (E) is closed in E if and only if Γ E is a finite set, particularly, Φ 1 (E) = E if and only if E is finite dimensional.
For the following classical vector lattices one immediately obtains the following information on the finite elements: a) If E is one of the vector lattices c 0 or l p with 1 ≤ p < ∞ then Φ 1 (E) = Φ 2 (E) = span(Γ E ) = span{e k : k = 1, 2, . . .}, where e k ∈ E is the sequence which k ′ s term equals 1 and all others are 0,
The vector lattice of all finite continuous functions on R is an example of a vector lattice possessing the property Φ 1 (E) = Φ 2 (E) = E. In the next theorem the class of Banach lattices with this property is characterized. 1 If Γ E = ∅ then we define span(Γ E ) = {0}.
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Theorem 7 (Characterization of Banach lattices with Φ 1 (E) = Φ 2 (E) = E).
For a Banach lattice E the following statements are equivalent:
2) E is lattice isomorphic to an AM-space and each pricipal band has a generalized order unit.
Another result for a vector lattice E to satisfy Φ 1 (E) = E uses the structure of a strict inductive limit (see [8] , Thm.5.3).
A vector lattice is called of type (LF ), if it is the strict inductive limit of an increasing sequence of F -spaces, where the topology is defined by a sequence of monotone seminorms.
Theorem 8. Let E be a vector lattice of type (Σ) and of type (LF )
. Then E = Φ 1 (E).
Finite elements in sublattices
We start with three natural situations, where a given vector lattice is embedded into another vector lattice.
If E denotes the Dedekind completion of an Archimedean vector lattice E then Φ 1 (E) = Φ 1 ( E) ∩ E, i.e. the relation c) of (1) is true. This follows from a general result which can be proved for any majorizing vector sublattice H of a vector lattice E (see [4] , Thm.2.3).
If E denotes the norm completion of a normed vetor lattice E then E is norm dense in E, however, in general, 
If E is a Banach lattice, E ′′ its bidual and j : E → E ′′ the canonical embedding, then j(Φ 1 (E)) ⊂ Φ 1 (E ′′ ). After identification of j(E) with E this result can be written as
The equation however is not true, in general, as the vector lattice c 0 shows. For the details see [4] , Thm.2.10.
Observe that the inclusion a) of (1) may not hold if H is an arbitrary ideal of a Banach lattice E or if H is a norm closed sublattice which is the range of a positive projection on E. It holds if H is a closed ideal. The inclusion b) of (1) may not hold if H is a closed ideal or a band in E. It holds if H is a vector sublattice which is the range of a positive projection. The relation c) (and therefore also a) and b)) holds if H is a projection band:
Theorem 9. If H is a projection band in a vector lattice E and P H the band projection from
For an example and also for a description of the finite elements in the direct sums c 0 (I, E i ), ℓ p (I, E i ) for p ∈ [1, ∞) and ℓ ∞ (I, E i ) of Banach lattices E i , where I is an arbitrary index set, we refer to [2] , [4] .
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The indicated spaces are defined as follows. Let be x = (x i ) i∈I , x i ∈ E i . Then
The linear operations and the order are understood to be the point-or coordinatewise ones, the norms are defined by
for all i ∈ I and ϕ i = 0 for all but finite many i ∈ I. An element (ϕ i ) i∈I is in
Finite elements in vector lattices of regular operators

Regular operators on Banach lattices
For two vector lattices E, F , where F is Dedekind complete the vector lattice
A consequence of Theorem 4 is that
in particular, the identity operator I E is a finite element in L r (E) with itself as an L r (E)-majorant, provided the Banach lattice E is Dedekind complete. That is for any U ∈ L r (E) there exists a positive number c U such that
Theorem 10. Let E and F be Banach lattices such that F is Dedekind complete and let
Proof. Since T is a lattice isomorphism, E is Dedekind complete as well. The order continuity of T (as any lattice isomorphism) guarantees the equalities
If S ∈ L r (E, F ) then, obviously, T −1 S ∈ L r (E) and therefore (4) implies
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If now the (positive) operator T is applied to the inequality (6), then by means of (5)
follows, which shows that the operator T is a finite element in L r (E, F ) with itself as a majorant.
An application of techniques and results from §2 is now Theorem 11. If E and F be Banach lattices such that F is Dedekind complete. Let be H a band of F and P : F → H the band projection. Then
For Banach lattices E and F define the mapping
′ is the adjoint operator to T and J : F ′ ֒→ F ′′′ the canonical embedding 2 . The following fact is established in [6] , Thm.5.6 and will be used to prove the next theorem: P is an isometric lattice isomorphism from
where · r denotes the regular operator norm, respectively.
Theorem 12. Let E and F be Banach lattices, and P as above. Denote
A = L r (E, F ′′ ) and B = L r (F ′ , E ′ ). Then
1) T ∈ A is finite if and only if
P(T ) is finite in B, i.e. P (Φ 1 (A)) = Φ 1 (B). 2) U ∈ L + (E, F ′′ ) is an A-majorant of T if
and only if P(U) is a B-majorant of P(T ).
Note that if T ∈ L r (E, F ) then jT ∈ A, where again j : F ֒→ F ′′ denotes the canonical inclusion mapping. Since T ′ = P(jT ) we have
Corollary 3. Let E and F be Banach lattices and T ∈ L
As a special case, when F is a reflexive Banach lattice, we obtain that the finiteness of an operator T : E → F can be characterized by the finiteness of its adjoint T ′ .
Corollary 4. If F is a reflexive Banach lattice then for each Banach lattice E, an operator T ∈ L r (E, F ) is a finite element if and only if
For finite elements in the vector lattice of regular operators defined on an AL-space there are some results gathered in the next theorem ( [5] , Thm.2.7), where the vector lattice F is always assumed to be Dedekind complete.
Theorem 13 (Regular operators on AL-spaces).
1) E is an AL-space and
F is an AM-space with order unit
2) E is an AL-space and
The Banach lattice F may fail to have an order unit even if Φ 1 L r (E, F ) = L r (E, F ), the Banach lattice E is an AL-space and F is an AM-space. For an example see [5] and [3] .
Finite rank operators in
Now we consider the finite rank operators in L r (E, F ), where E, F are vector lattices and F is Dedekind complete.
Each finite rank operator possesses a compact modulus (see [1] , Thm.5.7), which is dominated by the operator
however, need not coincide with it.
In [5] §4 there is proved the following result.
Theorem 14 (Finite rank operators).
For rank one operators we get that ψ ′ ⊗ ϕ is a finite element in L r (E, F ) if and only if ψ ′ ∈ Φ 1 (E ′ ) and ϕ ∈ Φ 1 (F ). In order to prove at least one special case of the formulated theorem and also to demonstrate how from the defining inequality (3) of a finite element one can derive additional information on the structure of the finite elements in some given vector lattice we show that ψ ′ ∈ Φ 1 (E ′ ) and ϕ ∈ Φ 1 (F ) provided the rank one operator T = ψ ′ ⊗ ϕ is a finite element in L r (E, F ) with a majorant U ∈ L + (E, F ). Namely, without loss of generality we may assume ψ ′ ≥ 0 and ϕ ≥ 0. Then for each S ∈ L r (E, F ) there is a positive constant c S such that
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In particular, if S = ψ ′ ⊗ h ∈ L r (E, F ), where h ∈ F then it follows from (7) and Theorem
for all x ∈ E + and n ∈ N. One finds some x 0 ∈ E + such that ψ ′ (x 0 ) = 1 and has
which implies that ϕ is a finite element of F . On the other hand, if S = h ′ ⊗ ϕ, where h ′ ∈ E ′ then again by means of (7) for arbitary
for each 1 ≤ i ≤ k, and thus (|h
Representation of vector lattices containing finite elements
Let E be an Archimedean vector lattice and S a topological Hausdorff space. A vector lattice E(S) ⊂ C(S) is called a representation 3 of the vector lattice E, if there is a vector lattice isomorphism i : E → E(S). In many situations representations of Archimedean vector lattices (Dedekind complete or not) are considered preferably on compact (extremally disconnected) spaces S, where sometimes continuous functions are allowed, that might take on even infinite values on nowhere dense subsets of S, see e.g. [13] .
For Archimedean vector lattices containing nontrivial finite elements it seems to be natural if one looks for representations consisting of continuous functions on a locally compact space. This would give the possibility to represent finite elements of the vector lattice as finite functions.
A The next results show that for vector lattices of type (Σ) there exist more qualified representations such that any member of a given countable collection of finite elements will be mapped by means of an isomorphism on a finite function. For the details (and other kinds of representations) see [14] , [8] , [15] , [11] .
Theorem 15. Let E be a vector lattice of type (Σ)
. Let E admit a monotone norm and let {ϕ n } n∈N be a sequence of finite elements of E. Then there exists a (⋆)-representation on some σ-compact (locally compact) space S such that each element ϕ n , n ∈ N is represented as a finite functions on S.
Theorem 16. Let E be a vector lattice of type (Σ).
Then for E to possess a (Φα)-representation on some σ-compact space S it is sufficient and, in case of the uniform completeness of E, also necessary, that there exists a sequence of finite elements {ϕ n } n∈N in E satisfying the condition: for any discrete (see §2.2) functional f there exists a number n such that f (ϕ n ) = 0.
Corollary 5.
Let E be a vector lattice of type (Σ) such that E = Φ 1 (E). Then E possesses a (Φα)-representation E(S) on some σ-compact space S.
If moreover, E is uniformly complete, then E(S) = K(S).
Together with Theorem 8 from Corollary 5 follows now Corollary 6. Let E be a vector lattice of type (Σ) and of type (LF ) . Then E has a representation as K(S) on some locally compact σ-compact space S (see [7] ). Indeed, the vector lattice E is uniformly complete since it is the strict inductive limit of its subspaces of type (F ). The equality E = Φ 1 (E) is established in Theorem 8.
In the next section among others we study the relation between the space S of a representation E(S) and the space of all maximal ideals of E topologized in an appropriate manner, where the latter space or some of its subspaces turn out to be homeomorphic to S.
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Many information on the finite elements of E are related to topological properties of M(E) and of the subspace M Φ (E). The compactness of M(E) e.g. implies the existence of an oder unit in E and therefore Φ 1 (E) = E. The σ-compactness (and non-compactness) of M Φ (E) is necessary and sufficient for Φ 2 (E) to be a vector lattice of type (Σ).
Especially for vector lattices of type (Σ) there is known quite a lot about M Φ (E). In that case its closedness implies its σ-compactness and by the properties 2) and 3) of Theorem 17 the equality Φ 2 (E) = Φ 1 (E). For M Φ (E) = M Φ (E) in M(E) we mention the following result Theorem 18. Let E be of type (Σ) . For the closedness of M Φ (E) in M(E) it is necessary and in case of the uniform completeness of E also sufficient that there holds both conditions: (i) Φ 2 (E) is a vector lattice of type (Σ) and (ii) Φ 1 (E) = Φ 2 (E).
All the conditions in that theorem, i.e. type (Σ), uniform completeness, (i) and (ii) are essential, as exhaustive examples in [10] demonstrate. Now coming back to the question of representation we are able to add some further results, where the underlying space is homeomorphic to a subspace of M(E).
Based on the next theorem more qualified representations of vector lattices containing sufficiently many finite elements can be constructed, see [11] .
Theorem 19. Let (E(S), i) be an (α)-representation of
E and E 0 = {x ∈ E : ix ∈ K(S)}. Then 1) E 0 is an ideal of E and E 0 ⊂ Φ 2 (E),
2) E 0 is order dense 5 in E, i.e. x ⊥ y for all x ∈ E 0 implies y = 0,
3) E 0 is embeddable into a vector lattice with order unit, 4) S is homeomorphic to G(E 0 ) (and also to M(E 0 )).
An ideal E 0 ⊂ E is called an R-base (representation base), if E 0 satisfies the first three conditions of Theorem 19. M. R. Weber
